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Ground-State Correlation Functions for an
Impenetrable Bose Gas with Neumann or Dirichlet
Boundary Conditions

Takeo Kojima'
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We study density correlation functions for an impenetrable Bose gas in a finite
box, with Neumann or Dirichlet boundary conditions in the ground state. We
derive the Fredholm minor determinant formulas for the correlation functions.
In the thermodynamic limit, we express the correlation functions in terms of
solutions of nonlinear differential equations which were introduced by Jimbo,
Miwa, Mbri, and Sato as a generalization of the fifth Painlevé equations.

KEY WORDS: Solvable model; correlation functions; boundary conditions;
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1. INTRODUCTION

In the standard treatment of quantum integrable systems, one starts with
a finite box and imposes periodic boundary conditions, in order to ensure
integrability. Recently, there has been increasing interest in exploring other
possible boundary conditions compatible with integrability.

With non-periodic boundary conditions, the works on the Ising model
are among the earliest. By combinatorial arguments, McCoy and Wu'"
studied the two-dimensional Ising model with a general boundary. They
calculated the spin-spin correlation functions of two spins in the boundary
row. Using fermions, Bariev'?’ studied the two-dimensional Ising model
with a Dirichlet boundary. He calculated the local magnetization and
derived the third Painlevé differential equations in the scaling limit.
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Bariev'® generalized his calculation to a general boundary case. In the
Neumann boundary case, he also derived the third Painlevé differential
equations in the scaling limit. Sklyanin® began a systematic approach to
open boundary problems, so-called open boundary Bethe Ansatz. Jimbo
et al.® calculated correlation functions of local operators for antiferro-
magnetic XXZ chains with a general boundary, using Sklyanin’s algebraic
framework and the representation theory of quantum affine algebras.

Sklyanin‘’ explained the integrability of the open boundary impene-
trable bose gas model, using boundary Yang Baxter equations. In this
paper, we will study density correlation functions (density matrix) for an
impenetrable bose gas with Neumann or Dirichlet boundary conditions.
Schultz'® studied field correlation functions for an impenetrable bose gas
with priodic boundary conditions. He discretized the second quantized
Hamiltonian and found that the discretized Hamiltonian was the isotropic
XY model Hamiltonian. He diagonalized the discretized Hamiltonian by
introducing fermion operators. Using the N particle ground state eigenvec-
tor for the discretized Hamiltonian, Schultz derived an explicit formula of
correlation functions for an impenetrable bose gas in the continuum limit.
Lenard'” pointed out that Schultz’s formula could be written by Fredholm
minor determinants. Therefore this formula is called Schultz-Lenard
formula. In this paper, we will derive Schultz-Lenard type formula for
Neumann or Dirichlet boundary condition. Following Schitz, we employ
two devices. We consider the N particle ground state of the discretized
Hamiltonian. We then fermionize the discretized N particle system by using
the Jordan-Wigner transformation. In the continuum limit, we derive the
Fredholm minor determinant formula for correlation function, which has
the integral kernel:

. 2N+1 , . 2N+1
sin m(x—x')  sin a(x+x')
i 2L 2L
N +e (L.1)
P sinsalx—x)  sinaea(eex)
sl 2L7zx X sm2Lnx X
(L: box size, N: the number of particles, e = +: Neumann, ¢ = —: Dirichlet)

Jumbo, Miwa, Méri, and Sato® developed the deformation theory for
Fredholm integral equation of the second kind with the special kernel
[sin{x — x")/x — x']. They introduced a system of nonlinear partial differen-
tial equation, which becomes the fifth Painlevé in the simplest case. They
showed that the correlation functions without boundaries was the z-func-
tion of their generalization of the fifth Painlevé equations. In this paper, we
express the correlation functions for Neumann or Dirichlet boundaries in
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terms of solutions of Jimbo, Miwa, Méri, and Sato’s generalization of the
fifth Painlevé equations, hereafter refered to as the JIMMS equations. In the
thermodynamic limit (N, L — oo, N/L: fixed), we reduce the differential
equations for correlation functions with Neumann or Dirichlet boundaries
to that without boundaries, using the reflction relation between two integral
kernels [sin(x—x')/x—x"] +e[sin(x+x")/x+x"] and [sin{x—x")/x—x'].
The two point correlation function with Neumann boundary is described
by the Eqgs. (2.29) and (2.30). In the case with boundary, the differential
equation for the two point correlation function cannot be described by an
ordinary differential equation. We need three variable case of the IMMS
equations.

Physically, the long distance asymptotics of the correlation function
are interesting. The long distance asymptotics of the ordinary differential
Painleve V is known. But, for many variable case, the asymptotics of the
JMMS equations are not known. Therefore we cannot describe the long
distance asymptotics of the correlation functions with boundary in this
paper. To evaluate the asymptotics of the solution of the JMMS equation
is our future problem.

Now a few words about the organization of the paper. In Section 2, we
state the problem and summarize the main results. In Section 3, we derive
an explicit formula for the correlation functions in a finite box. In Sec-
tion 4, we write down the differential equations for the correlation func-
tions in the thermodynamic limit.

2. FORMULATION AND RESULTS

The purpose of this section is to formulate the problem and summarize
the main results. The quantum mechanics problem we shall study is defined
by the following four conditions. Let NeN, (N>2), LeR, $,, 3, €R.

1. The wave function Yy, = (X,,... Xy |90, 3,) satisfies the free-
particle Schrodinger equation for the motion of N particles in one
dimension (0 < (x; # x;) < L. Here the variables x,,..,, x, stand for
the coordinates of the particles.

2. The wave function , , is symmetric with respect to the coor-
dinates.

'//N,L(xn,-.-, le'go, ~9L)=WN.L(XU<|),---, xﬂ(N)I‘g()a‘gL)’ (UESN) (2.1)

3. The wave function satisfies the open boundary conditions in a box
0<x,<L, (j=1...N)
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=0, (=1.,N) (22)

0
<a_xj_‘90> V(X1 X130, 32)

x]-=0

=0, (j=1,.,N) (23)

0
<5;+ '90> lI/N,L(-xl""’ Xn|80,9.)

j x;=L

J

4. The wave function Y, , vanishes whenever the particle coor-
dinates coincide.

W (X 1y Xy Xy X3 |90, 3,) =0, for x,=x; (24)

In this paper we shall be concerned with the ground state. The wave
functon is given by

l/’N‘L(xl [ ] x]v | ‘90’ ‘9L)

=———1——— det  (4;cos(4;x;) +9osin(4,x,)) | (2.5)

Vi 1(8, 9| 1<iksN

Here the momenta 0 <A, < --- <1, are determined from the boundary
condition for y, , which amounts to the equations

A+ 0, () +0, (A)=2m),  (j=1,.s N) (2.6)

where we set 0,(1) =ilog(id+ A/id— A). We take the branch —~n < 6 (1) <,
(d=0). Here Vy ((9,,3,) is a normalization factor defined by

N! L oo
VN,L(SO’ \9L) =ﬁ’ . det < Z (A/j—iglgo)(lk_ig’lgo) J’O e'(‘;}‘J+CA")ydy>.

<j ks N bd =4
(2.7)

The wave function is not translationally invariant and has the normalization,
L L 2
[ o] draiyies ) 80,9, =1 (28)
The following equation holds for any parameter A,

<—a— — 90) (A cos(Ax) + I, sin(Ax))
Ox

=0 (2.9)

x=0
The following equivalent relation holds,

<i + 9L> (4 cos(Ax) + 3, sin(Ax))

=0 < ¥lAo (A4 WA+ i9)
0x

x=L _(/'l—iSL)(/l—i@o)
(2.10)
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From (2.9), (2.10) and Girardeau’s observation on fermions and impene-
trable bosons correspondence in one dimension,'®’ we can show that the
wave function i, satisfies the above four conditions. We shall be
interested in the correlation functions (density matrix) given by

pn, N.L(xl L1844 xn l xll 3reey x:: | ‘90’ '9L)

(neN) (bt
= NI J;) J;) dyn+l"'dyn+Nl/’n+N‘L(x|’---axn’yn+l""’yn+N|‘905‘9L)
X l/Jn+N,L(x’lsms x:n yn+l"'~’ yn+N|‘90a ‘9L) (211)

In this paper, following,'® we reduce our problem to that of discrete M

intervals. Set ¢ =L/(M +1). Let |v,> =(}), |v,> =(9) be the standard basis
of ¥=C2 Let (v, (i=1,2) be the dual basis given by (vl =6,
(i, j=1,2). The action of OeEnd(C?) on (v, (i=1,2) is defined by
({v,]0) lv,>), (j=1,2). Set [R¢> = v,>® and {Q¢|=v,|®*. Set

e G ) ew

Following the usual convention, we let ¢, ¢, o; signify the operators
acting on then jth tensor component of ¥®*, Introduce fermion operators
x ., ¥,, be the Jordan-Wigner transformation

v =0l-a,_ o, Y,=01--065_ ¢, (m=1.,M) (213)

The fermion operators have the anti-commutation relations

{lllr:’ l/’n} =5m,n’ {wm’ 'ﬁn} = {l!lr: ’ ll/:} =0 (214)

Here we use the notation {a, b} =ab + ba. Set

125, 1(80, 9.)>

1 M
= m Z le,L(gmlr"’ emy |3y, 31) ¢,:,"'¢,:N|Qo>
tomy, my =1

[NI i (4; cos(em;A;) + 3 sin(em; 1))

1
vV N! VN.L(SOa ‘9L) Jj=1 mj=]

XYt Q0 (2.15)
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C8nml(F0, 1)

1 M
=Jm Z 1%/.L(«sml,..., emy |99, 1)< R0l By -+ Fon,
Py, Py ==
1 N M
(4,
N Vro(90.9,) I;[‘ m,z= cos(em;4;) + 9 sin(em;A;))
X <QOI l//nzl "'lpmN (216)

Using the above vectors, we can calculate correlation functions in the
continuum limit as

pn,N,L(xl LR ] xn | xll ELAEE xiz | ‘903 ‘9L)

. LN\Y
= tim () <R naO0. 90 By 6,078 4
M~ o -

XIQII+N,M('905‘9L)> (217)

where we take the limit M — co in such a way that &5, —x;, &, - X,
(L: fixed). The equation (2.17) follows from (2.18) and (2. 19)

M
2(N+ncn) N! H Z <QO‘ ¢n1l o '¢mN m, ¢rj1—N IQO>

XW,yn (et ety emy---emy|3, 3,)

XYW, nolety et em--emy|8g, 8,)

N+n M  N+n

=1l X H Z(Qolfﬁn,l' Doy B bbb b 1200

i=1 m=1 j=I

X l//rw{—N,L([':n’ll o '8mn+N|'90’ L) lpn-+—:'\/.L(811 e 81:1+N |‘90’ ‘9L) (218)

<QO| ¢m . ¢'"N N ¢r:,\ |QO> =1 (219)

This formula (2.17) is our standing point. The case 9, 3, =0 corresponds
to Neumann boundary condition and the case &,, 3, = o0 to Dirichlet
boundary condition. In the sequal, we use the following abbreviations.

PaworlX iy X | Xy X0 1 ) = P (X0 X, | X050 X, 10,00 (2.20)

pn,N,L(xl sevey Xy | xll 30y x:’ll - ) = pn.N‘L(xI R | x,l soeey X:, I 0, OO) (221)
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In the sequel, for simplicity, we consider two important case: Neumann
boundary conditions and Dirichlet boundary conditions.

Remark. There exists the simple relations between Neumann or
Dirichlet boundaries and periodic boundaries. We can embed the differen-
tial equations for n point correlation functions of Neumann or Dirichlet
boundaries, to the one for 2n or 2n — 1 point correlation functions without
boundaries.

In Section 3, we derive the following formula.

Theorem 2.1. The correlation functions for an impenetrable bose
gas with Neumann or Dirichlet boundaries are given by the following
formulas.

pn, N.L(x,l 9eeey xln | x’l”"" X',’, I 8)

1 n
= ( - §> [T sen(xi—x})sgn(x} — x7)

| <j<hk<gn

(2.22)

" ”

x|, X5, X))

xdet(l—%&v,\,’,
7[ Id

! !
X X540 X5, >

where e = + and 0 < x}, x; <L, (j=1,.., n). Here I, is the union of # inter-
vals I,=[x,,x,]u -+ U[Xxy,_4, Xx5,], where 0<x, < -+ <x,, <L is the

!

re-ordering of x',..., x!,, x},, x{,..., x. The symbol

! ! '
X1, Xy x,,>

"

"on
X1y Xogeery Xy

det <1 — AR, n,

r

denotes the nth Fredholm minor corresponding to the following Fredholm
type integral equation of the second kind.

(1=AR, n1) )X)=g(x),  (xel) (223)

Here the integral operator K, 5 1, is defined by

(Ks,N.l,,f)(x)
sin 2PNy s ML)
2L 2L
=L I +e 1 Sly)dy
! smizn(x—y) s1nzn(x+y) (224)
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Using the above Fredholm minor formulas, we can take the thermo-
dynamic limit for correlation functions, ie., N, L —» oo, N/L = p,: fixed.

Corollary 2.2. The correlation functions for an impenetrable bose
gas with Neumann or Dirichlet boundaries are given by the following
formulas in the thermodynamic limit.

Pl X ey X0 | X s X1 | ) = lim Pun X sy X | X1 sy X | €)
N,L — oo, N/IL=p,
(- LY IT  sen(x}; —x}) sgn(xy —x})
= 3 gn{x; ) SBOXy — X;
l<j<ksn
2 X\, Xy, X,
xdet(l——K‘.‘,] prEm (2.25)
T ! X1y X2y X

where 0 < x}, x/ < + o0, (j=1,..,, n). The symbol

!

’ !

xl’ Xz,..,, xu>
” " "

X1s X250y Xy,

det <1 — AR, .

represents the nth Fredholm minor corresponding to the following Fredholm
type integral equation of the second kind,

(1=K, ) N(x)=g(x),  (xel,) (2.26)

where the integral operator K, 1, is defined by

(o, 100 = [ {TRREE2)y SPEEEI f gy (22)

In the sequel, we choose such a scale that zp,=1.

In Section 4, we derive the differential equations for the correlation
functions. Jimbo, Miwa, Mbri, and Sato‘® introduction the generalization
of the fifth Painlevé equations, hereafter refered to as the JMMS equations.
Their simplest case is exactly the fifth Painlevé equation. We reduce the
differential equations for Neumann or Dirichlet boundary case to that for
without-boundary case, using the reflection relation in Lemma4.2. For
n=1 and Dirichlet boundary case:

P10 [x]—)=0 (2.28)

Next we explain #=1 and Neumann boundary case. The differential equa-
tion for p,(0 |x| 4 ) is described by the solutions of the Hamiltonian equa-
tions which was introduced in ref. 8 as the special case of the generalization
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of the fifth Painlevé equations. We cannot describe the correlation function
2:(0 |x} +) in terms of the fifth Painlevé ordinary differential equation. We
need the many variable case of the JMMS equations.

d
- 10g py(0 |x] +) = Hyf —x, 0, x) (2.29)

Here Hy(ay, a,, a,) is the coefficient of the following Hamiltonian
H=Hya,, a,, a,) day+ H(a,, a,, a,) da, + Hy(a,, a,, a,) da,

1 ~ ~
= - Z ror oy —r o WF o -1y Fo)dlogla;—a,)
j=0.2

—(Fyof 2= F or _oWFor _o—1,,F ) dlogla,—a,)
+irgr_yday+i Y, (rF ,—Fr_)da,—dlogla,—a,) (230)

=02

Here the functions r ., =r;(a, a,, a,), (j=0,1,2), 7 o=F, (a0, a,, a,),
Foo=F,,(aq, a,,a,) satisfy the Hamiltonian equations

droj={re, H}, (j=0,1,2),  dF.o={F.o, H},

I
1

+2 % {712’ H}
(2.31)

where the Poisson bracket is defined by

{r+1;r~|}=1, {r+0,f‘40}={7+0,r>0}=1, {r+2,f‘2}={F+2,r 2}=1

(2.32)

This Hamiltonian H depends on odd number variables q,, a,, ¢,. In the
case without boundary, the differential equations for the correlation func-
tions are described by the Hamiltonian equations which depend on even
number of variables.’®’ Therefore this point is new for Neumann boundary
case.

In the general case, we can embed the differential equations for n point
correlation functions of Neumann or Dirichlet boundaries, to the one for
2n or 2n — 1 point correlation functions without boundaries.

Theorem 2.3. In the thermodynamic limit, the differential equation
for the correlation functions becomes the following.

d k)g pn(x,l L) x’n ‘ x’l’v"v X:: l&)

=(1-na,, (§)+z ) w‘,’@ (2.33)

j=1 oe€e8,
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where we denote by d the exterior differentiation with respect to XY s X0y,
X7 ., ;. Here the differential forms w, ,(4) and w‘,‘,‘ '(A) are defined in
Proposxt10n43 and Proposition 4.4, respectlvely The differential forms
w1, (A) and w“/ ¥)(1) are described in terms of solutions of the
generahzed fifth Painlevé equations which were introduced by Jimbo,
Miwa, Méri, and Sato.® Both Neumann and Dirichlet boundary condi-
tions, w, / (4) are described by the same solutions of the same differential
equatlons
Physically, it is interesting to derive the long distance asymptotics of
correlation functions:

pu(xl’ ’xn’xl’ ,X”|8 (234)

From the above theorem, we can reduce the evaluation of the asymptotics
to the following two step problem.

1. Evaluate the asymptotics of the solution of the generalized fifth
Painlevé introduced in ref. 8. (For our purpose, we only have to
consider the special solution related to the correlation functions
for the impenetrable Bose gas without boundary.)

2. Determine the asymptotic solutions of the differential Eq. (2.33)
under the appropriate initial condition. (The main point is to
determine the constant multiple in the asymptotics.)

In the case reducible to an odinary differential equation, the above
two problems have been already solved. Jimbo, Miwa, Moéri, and Sato'®
considered the problem 1 of the correlation functions for the impenetrable
Bose gas without boundary. McCoy and Tang‘'®’ generalized the asymp-
totic formulas'® to the 2-parameter solution of Painlevé V, which is
analytic at the origin. Vaidya and Tracy''’!? considered the problem 2
of two-point correlation functions for the impenetrable Bose gas without
boundary. (The pioneering work for Ising model was done by McCoy,
Tracy, and Wu."'®) In our case, to evaluate the asymptotics of p,(0 |x|+),
we have to consider the case of three-variables. However the asymptotics
in many variable case is a non-trivial open problem. Therefore the above
two problems for many variables case are our future problems.

3. FREDHOLM MINOR DETERMINANT FORMULAS

The purpose of this section is to give a proof of Theorem 2.1. Set
V' =C2 For ¢ = +, define operators # (6, &), (0, ¢) acting on V® by
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M

’7 (() 8 Z (efun(l_i_geun() lp,: (31)

m=1

M
(0 [;' Z (8""1’—}-587""0) l//m (32)

m=1

In the sequel we use the notation 6, ,,=u/(M+1)n. The operators
(0, v, ), n(0, 4, ¢) have the following anti-commutation relations for
=1, —M<us<M.

{’7+(9;:,M’ &), ’7+({);~.AI’ 3)} = {77(0#,/;4, £), ’7(0|-,M, 5)} =0 (3.3)
(00, prr (0, 5, 8)} =2AM+1)4, .+, ) (34)

In the sequel we use the following abbreviations.
128 1(+)) =128 (0,0)), |2y p(=)> =12y s, ) (35)
<QN,M(+)|=<'QN.M(O’O)|’ (RN (=) =8y (00, 0)] (3.6)

Using the operators 1 *(6, €), n(f, €), we can write

1
|QN.AI(8)>= L) ~o (01 )T (HzM,E) (()N.M,g) 120> (3.7)

(2¢L)

<QN.M(8)I=8N (2L < OI'7(9N,M,8)""7(02,M’£)’7(01.M,8) (3.8)

The operators 5n*(0,4,¢), 18,4, act on the vectors |[Qy ,(&)>,
{8y ()] as follows.

FOI‘ lﬂlSN, ’7 ( 2. M5 |QVM > 0’ <QN\M(8)1”(0;1,M’8)=0
(3.9)

For |ul>N, {Qna(e)n"(0,0,8)=0, 176, 4,8 |Qn nle)} =0
(3.10)

Define operators p,,, 4,, (m=1,.., M) by

pn1=l//n+l +lpl”’ q"l= —lpl: +lp’” (3'11)
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Set
M ] M )
p(0)= Z pmerqm(}’ q(0)= Z qme—un{) (312)
m=1 m=|
We have
pO)+ep(—0)=n"(0,¢)—n(0,¢) (3.13)
q(0) +eq(—0)=n"(0,¢) +n(0, ¢) (3.14)

The following relations hold for m > 1.

M+ 1 M+

Z p(g '*,ll,M) eimU“'M = 05 Z q(a—;l‘M) eim()ﬂ'M = O (315)
- M

H= =M
Therefore, p,, and ¢,, can be obtained by Fourier transformations.

M+ 1

pn1:—-——2(M+ 1)#:;M

M+ 1

qn1=2(M+l)” Z

- —M

('7+(();1,M’ 8) _’7(0;1,M’ 8)) eim”“'M (316)

(710,00, 8) +1(0,, 5y, £)) €7 (3.17)

We define

{2y )l 9 12y 1))
=N ' 3.18
N =T o) | (@) (318)
for o eEnd((C*)®"). We call {g),, the expectation value of the
operator .

Lemma 3.1. The expectation values of the two products of
710, ur»€) and (6, 4, €) are given by

<<’7+(0;1‘M3 8) ’7+(01',M)>1:,N <”+(0/1,M’ 8) n(()v‘M’ 8)>(:,N>
<’7(0/1,M9 €) ”+(01!,M7 E)D.w <’7(0;1.M’ e)n(0, 4, 8>, n
0 0,(N— |u))

=2M+1)(3,,, + &b, _.) <02(IuI~N) 0

) (3.19)

where —M <y, v< M and 8,(x), 05(x) are the step function

I, x=0
0, x<0

I, x>0

0, x<0 (3.20)

0,(x) ={ 02<x)={
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Proposition 3.2. The expectation values of the products of p,,, ¢,,
are given by

<<plpm>s.N <plqm>n.N>=< 6/,m _K::,I‘m> (3 21)
<qlpm>t:‘N <q1qm>1:,N K[:, lm al.m '
where [ m=1,2,.., M and
sin—=NtL g sin—2 AL
—(l—m)r — m
s 1 AM+1) y, M) §
edm—Yim ™
" ; M+1 1 1
i - in ————(/
sm2(M+1)( m)rn SmZ(M-H)( +m)n
(3.22)
Proof. By direct calculation, we can check the following.
<p[qm>l:.N
1 M+ 1 My
= " —n)0, 1,¢)
ey =, X, s
(0t +0)(0, 0, €))7 nre™Ou
1 M+ 1 M+ )
“3017D) L L Guited e (V=) et
pH=-M v=—-M
2N+1 2N +1
in———({— in—— ({+
s 1 31n2(M+1)( m)n+£sm 2(M+1)( m)n
Ml sin—l—(l m)n sin——l—(l+ )
M+ 1) M+
{3.23)
Here ¢, (x) denotes the sign function
( )_{ 1, x=0
E+=0 x<0
We have used the relation,
gin 2L
M+ N 2(M+1)
Y e (N—|ul) =2 (M+1)6&0——(—1—— I (324
nw=-M

sin 2(—M_+—l) T,
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We prepare some notations. Choose 0<m, < - ,,\M and
0sm, (< <my,, <M. Let mi<mp< - <m2,, such that m;=m, ;
(c€8,,). Define the interval 1, ,, and 1, by I {leZ|m21‘1+1<

l<m’zj} IM—ILMUIZVMU uI,M. Define t,,,, t,MeEnd((Cz)@’M) by

m =P 4P ZI = tml t tmz,,' Deﬁne Rg, p/)IM(l! m)ﬂ £, pqlM(l m)
(/,m)and R, (l m) by

<R: [)plu(l m) R; paly (l’ m)>
(Lm R, ,,q,u(l m)

1 <<p1pmt[w>t N <plqmzlw>1 N)
<tlw>z N <qlpmtlu>z N <q1qmtl_">z:.N

where /, m=1,2,.., M. Define the matrix K, ; by (K., Viuer,=<4;Pe) un-

L qply

& qply

(3.25)

Lemma 3.3. The expectation value of ¢,  is given by
{tpenv=detK, (3.26)

For I, m=1,..., M, the following relation holds.

& ppIM(l m) +R? qqlw(l m) =Or &, pqlw(l m) + Rr qply (l m) O (327)
Furthermore R, ., (/, m), R, ,,. (I, m), R, anly (/,m)and R, ;. (I, m) have
simple formulas. For /, meI,,, the following relat1ons hold.

< lpplu(l m) ¢, ,,,,]ﬂ(l m)> < 6//}1 _(thlf”)l.m> (328)
£, t/le(l m) &, quM(l m) (Kz IM)Im -6l,m

Proof. From Wick’s theorem and {p,p,>.ny=9,,,, We obtain
{PiPmts,?en=X11,):n0, From this and Wick’s theorem, we can
deduce

<t1M>1:,N 5m,m’ = <pm' pmllM>z:.N

= <pm’pm>1;,N<th>s,N+ Z <pm”qi>8,N<pmq).[1M>1:,N

Aely

- Z <Pm'P,{>::.N<PmP,{IIM>1,~,N

Aely

= z <pm’q).>l:‘N<pmq1th>1:.N

Aedy,

= —<ZIM>¢:,N Z R(:.pqlM(m’ j’)(K;:_[,,),l,lr:' l (329)

rely
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We prepare some notations. Set

2(n+N)+1 . 2An+N)+1

. sm—zL_n(x—x) sm—zL—n(x+x)
K}: N(x9 x’)=_ +&
‘ 2L sinLn(x—x’) sinLn(xﬁ-x’)
2L 2L
(3.30)
Define the integral operator K, v, by
Roms NV =[ Kol 9) S(0) dy (3.31)

Let us denote by det(1 — AR, 5 ;) and

det <1 — AR, .,

X s Xy

X yeees Xy

the Fredholm determinant and the nth Fredholm minor determinant,
respectively. Namely, we have

_ - (_l)[ X yeeey x,
det(x—me,N,,)_lz “ Lu-fjdx,---dx,Kg,N<x“m’x[> (3.32)

=0

X X, & (=A)*"
x,l >= Z L---de,,+|-"dxn+/

det (1 - AK&:./V,J

Ve X0) =y !
K, x (x', yors x:, Xy s Xt ,) (333)
Xises Xy Xpglsems xn+ t
where we have used
X1 sens Xy ,
KS,N ] N det (KE.N(xj’ xk)) (334)
X ey Xy V< k<t

Set
Rs,N,.I(xa x, I A’)

= Z /IIJ j dx, "'dleg,N(X’ xl)Ks,N(xl’ xl)"'Ks,N(xla x') (3.35)
=0 J J

822/88/3-4-13
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Define the integral operator R, y , by

(Ros 6V =[ Rowslx, y14) £7) dy (3.36)

The resolvent kernel R, v ;(x, x'|A) can be characterized by the following
integral equation

(1=K, v )1 +AR, v ) =1 (3.37)

Here we present a proof of Theorem 2.1,

Proof of Theorem 2.1. First, for simplicity, we show the n=1 case.
For s, <s,, (51, 5,€{1,2,.., M}), we have

s bi > en=3(8 + 008 + 5,00 en
=3, =) 0% 0 Y )Do
=3(— 1)1 (G, Do NGy w1 Poy+2) (41 Psyden (3.38)

Applying Wick’s theorem and {(p;pi>.ny=0;, and {g;q;>. =0, We
can write the above as a determinant

(b 95 un=3 _ det (K140 ) (3.39)

$) €U k<8

From (2.17), pywc(% %] &)=lim,_,e"{$, ¢, >, . » holds, where
e=L/(M+1)and es, = x,, &5, = X}. Set v=15,—5,. From Proposition 3.2,
we obtain

Pl,N,L(xl x| &)

-1 ;
lim v det (—6j+1,k+%66<m,%>> (3.40)

2(x\—x)voo0 lsiksy v
where we set

SinZ(H-N)—H
1—x, 2L
L

m(y+y')xi—x1)

X
Gy, y)= I
Sin—zzn(y +y" )X —x))
. 204+ N)+1

sin (—zzl—n(y—y’)(X’l —X1)
4+ (3.41)

1 L
smin(y—y)(x\—xx)
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We apply the following relation to the above equation

1
lim v det (—5,-+1k ,1H<]+ k>>

vo oo Igjiksy \4 Vv

' 0
= —(=H HO, 1)~ (-2 dy2H<1 f})—
0 2

1 ! 0 y,.,y
—(=A" ' — | | dyy---dy, H( 20 '"+‘>_
( ) m! JO IO V2 Im 1 Y25 Vm+i
(342)

Here H(y,, y,) is a continuous function, and we use

H(yt""’y,'")= det (H(y, y\)) (343)

ViewVm 1<jk<m

We can write down

P (X [x1fe)

1 2 ) 2\ i X1 Y2
(DDt (Y ol 2)-
2 m+1 1

X X
+<—_> }'—n_i XI"'J;“ dyZ"'dym+1Ke,N

x<x1 y2’“-’ym+l>+ :| (344)

!
X1 Yases Yms1

Now, we have proved n=1 case. Next we shall prove the general case.
From Proposition 3.2 and Lemma 3.3, we can deduce,

A}i_l,nw<tlu>&"+1\’=det(1 _A'Ke.N.lp)ll=2/n (3.45)

From Lemma 3.3, we see 3., (K, 1, )miR; gp1, (1, m')=6,,,,. Comparing
this relation to the relation (1 —ué, N , 1+/UQ, N, })=1, we can deduce
the following

. M
lim <Z> R, 41, (m;, m) = AR, HACTIE [4) (3.46)

M— A=2/n
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for m;#m, (L/M)m,;~ x;(j=1,..,n). Choose 0 <m, < --- <m, <M and
O0<m, < <my,, <M. Let m)<my< -+ <mj, such that m;=m,
(c€S,,). Set

y {mj, a(j): odd

"= m;+1, a()): even

From the parity argument, we obtain

<tmi"'¢m]”“'¢m}\f'"tmé">1:.n+N=0’ < my’ ¢1: e f:,'\,’“'tmén>1:,n+N=0
(3.47)

The expectation value (@, ;- &, @t >, .~ can be written
17 ’"n+| '"n+’ miay /G0t .

as Pfaffian. (See p. 967 of [?]). Furthermore from (3.47), we can write the

expectation value as a determinant

< ¢m{’ ¢mz ¢m my

n+l

<tIM>l:.n+N

”

¢m,”>1 n+ N

n+7

=(_1)(l/2)n(n—l) det

1</, k<n

+
<<tm’| tt ¢m"' t tm tm"H R 7T tm’z,,>r..u+ N>

i
<tIM>L'J1 +N

1

=<—5> l<c}et (R, o1, (M, My, 1) (3.48)

From the Eqgs. (3.45), (3.46), and (3.48), we can deduce

m ¢ > sn+ N

. M\"
lim <z‘> <¢m’1’ ¢m,' ¢m m

m}
M- o b

n+| n+2

=(—4)" det(l—/IKs,N.I,,) det (Ri:,N,I’,(xj’x;(l'l))l,{ZZ/n (3.49)

l<sjhk<n

where (L/M) m)— x;, (LIM)m,,, ,— x}, (j=1,..,n), when M — c. Using
the Fredholm identity,

( _A')” det(l - ’{Kvs, N,Ip) ' det (RII‘N,IP('xj’ X;( | '1))

<j, k<n

=det< /1]3,,\,,

xl’x2 ’xn> (350)
X|,x2, ' X .
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we can deduce the following

) M\
/V}l—{nfx <I> <¢m'|’ ¢n1’3' Tt ¢In,'; n+1" r:" o ¢p:’z‘“> en+ N

n+1 n+2

= <— l> det <1 _EKI:‘N,I
2 T !

This complete the proof of the general case. [
Fredholm minor series in this correlation function is a finite sum
because

(3.51)

’

! !
XYy X5y Xy

X1y X2ems x,,>

K,y (x,‘ x,’) =0 for m=2n+N) (3.52)
X ey X

To see this, define an m x M matrix 4,,(«|x,,.., x,,) by

(Ap(@|x )y X)) =™, for j=1,,m, k= —3(M—1),.,5(M—1)
(3.53)

Using this matrix, we obtain the following.
X\ gy X

KI.“N < /l II>
Xl yorey x,

. T
L —&)/2
= Z (81 e Em)( o det 2
P | < k<sm L

. sin — m(x; — £, X},
2L ( j k A)

7[ m N T[
<E> Z (&, ---¢,)" o2 det <A21,.+N>+1 <z X[ yees x,,,)

s gy = +
8|x’|,..., gmx:n>> (354)

n
T
XAZ(/H—N)-—I <_ z

Here A7 represents the transposed matrix. (From elementary argument of
linear algebra, we can see det(4,,(«|x,.., x,,) 4 {B|x\..., x),,)) =0, for
m>= M+ 1. Now we have proved (3.52).

4. GENERALIZED FIFTH PAINLEVE EQUATION

The purpose of this section is to give a proof of Theorem 2.3. Following
ref. 8, we describe the correlation functions in terms of the generalization of
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the fifth Painlevé equations, which are given by Jimbo, Miwa, Mori, and
Sato in the thermodynamic limit (N, L — oo, N/L = p,: fixed). Set

sin poa(x —x' sin py7(x + x'
— Po ( )+£ Po ( )

. ! 4.1
K.(x, x") o PR (4.1)
Define the integral operators K, , by

(Ros/)) = | Kz p) S(3) dy (42)

Set

R:;,J(x’ x,|1)= 2 A‘IJ I dxl "'dlex;(xaxl)Kn(xl’XZ)"'Kl:(xl’ x,)
/=0 J J (4.3)

Definne the integral operators R, , by

(R /)= [ Rosl p1) f(7) dy (44)

The resolvent kernel R, ,(x, x| ) is characterized by the following integral
equation,

(1+ iR, )14 4K, ;) =1 (4.5)

Let us denote by det(1 — AK,,., ;) and

det <1 - iR, ,

X\ ey X

XY gy X0,

the Fredholm determinant and the nth Fredholm minor determinant,
respectively. Namely, we set

o
det(1 =aR. )= T L[ f ek, (D) (46)
. J J

[Nagk

, / Xy gy X
oL l+n
Xpsey Xy = (_A)
det<1_AK“J / ! =Z Al JJ dxn+l"'dxn+/
X'y genns X, I—0 ! J J
Koy Xy Xyg e Xy g
XK;;( p / (4.7)
Xigees Xy Xy psees Xy
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where we have used

Xpseens Xy
K, < ;7 > = det (K(x;,x})) (4.8)
X seeny Xy 1<j ksl ;
We set
pn(xll""! x:lle,"" xr': |8) = llm pn.N,L(x,lr'-’ x::lxlllw-, xrl:|8) (49)

N,L— o, N/L=p,

Contrary to the case in a finite box, the Fredholm minor series
in correlation functions is infinite series and correlation function
(X 5y X1 X1,y X0 | €) becomes a transcendental function. In the sequel,
we shall study the differential equations for correlation functions in the
thermodynamic limit. In what follows we can choose such a scale that
npo=1.

We prepare some notations. Let —oc <a,<a,< -+ <4,,, < + 0. We
denote by [ the interval defined by I'=[a,,a,]u - Ul[ay,_,ay,] Set

Lix, x') = Sx=x) (4.10)
—x
Define the integral operators L, by
(Lif)x)= | Ltx.y) /() dy (4.11)

Set
S,(x,x’|1)=/§01’j1---fldxl---dx,L(x,x,)L(xl,xz)--lL(x,,x’) (4.12)
Define the integral operator S, by

($1/)(x) = [ Sitxy12) 1) dy (413)

The resolvent kernel S,(x, x’'A) is characterized by the following integral
equation,

(1+i8)(1—AL)=1 (4.14)
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Set
X gy X; ,
S, <xllr-'a X! i>= | gj,ektsl(S](xj, X 1A) (4.15)
_L (x—a)(x—a;) - (x—ay,_)
) =gglog (el e
Set

o8

Sie x| )= T X[ ] dyiedy
7

/=0 1
getix =) P 5
Xm Ay) Ly, y2) hy(ys) -+

XLy y) hiy) Ly, x'), (e=1)  (417)

where the integration §Cl dy, is along a simple closed C, oriented clock-
wise, which encircle the points a,.., a,,,. In (4.17), x is supposed to be
outside of C;. We denote S%(x, x'| 1) those obtained by letting x inside of
C, in (4.17). S,(x,x'|A) is an entire function in both variables x, x'.
St(x, x'|A) is holomorphic except for a pole at x=x". S%(x, x'|1) has
branch points at x =a,,..., a,,,. The singularity structure of S,(x, x'|1) is a
follows

Sa(x, x'|A) — gi(x, x'|A)=erndh(x) S;(x, x"| 1) (4.18)
We set
Swnmigﬂhmhwwdw
XL(x, ) h(y1) L(y1, 2) hi(p2) -+
XL(y;—i, y) hly)e™,  (e==) (4.19)
and

<

SEx|A)=Y A’J J dy,---dy,
i=0 <

ey =)

2= yy)

X L(yi—1, y) h(y)) e, (6, =) (4.20)

hi(y) L(yis y2) hi(ps) -+
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In (4.20), x is supposed to be outside of C;. We denote by §; [x|4) those
obtained by letting x inside of C,. The singularity structure of S, ;(x, x'| 1)
is as follows

5% (x|A) =87 (x| 2) =e'mAh,(x) S, /(x| A) (4.21)
We define the matrices Y,(x), ¥,(x) by

Suleld) SN g (Sl S5l
SxlA) ST xin) TS xla) S
(4.22)

Y,(x) =<

From the relation (4.19), we obtain the following monodromy properties

o %)
Yl(x)zY,l(x){(x_al)(x—az)"'(x—azm1)} 0 0 (423)

(X - aZ)(x - a4) Tt (X - aZm)

The matrix ¥,(x) is holomorphic and det ¥,(x) = 1. It is known that Y,(x)
satisfies the linear diffezential equation (4.49). See ref. 8. We define the
matrices Y!““)(x) and Y{*“)(x) by

Sl(x’ali) Sl_(x9a|)')

Yo x) =(x—a)x—~a') (S,(x ali) S;(x,a'|l)

) (4.24)

S)(x,ald)y (x—a)x—a')8;(x,all)

Fleaix) = <S,(x, all)y (x—a)x—a)8;(x,a|l)

> (4.25)

From (4.17), we obtain the following formula

1 0)
Y}"""(x)=7}”‘""()6){(36—a)(x_”')}(l ’

0
X{(x—al)(x—a3)"'(x“aan—l)}<0 O) (426)

(x - a2)(x - a:t) e (X—‘ a2m)
The matrix ¥{““’(x) is holomorphic and

a—

det P1ear(x) =222 S (a,a'| 1) (4.27)
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Define the matrix Yi{““)(x) by
e = 7o (1))

SH(x,ald) S;(x,all)

SHxa'|l) S; (x,a'u)) (4.28)

=(x—a)x—a') <

The matrix Y{“*’(x) has the following local expansion at x = o0

, : 1 0
Yi(x) = <S‘,f‘;2 '+ 0 <§>> X exp {x <(l) 3 l)} (4.29)

i
S_iall) S+,(a|1)> ) -
(S_,(a’[i) S, (d|A) 0 (4.30)

where

<

Stad’)

I, o0

N | ~.

We set
Zna (x)y =S4 Y a(x), ZE O (x) = ST Pleai(x)  (431)

Z{»“)(x) is so normalized that the local expansion at x = oo takes the form

zeswo-(1v0())renfs(L O} wm

Here we start to consider our problem for correlation functions. Let
0<x|< -+ <X),<0,0<x"< - <x, <oo. Let 1, the union of » inter-
vals I,=[x;,x,]u -~ U[Xy, ,X5], where 0<x;< - <xp, <0 i
the re-ordering of xi,.,x\,..x,. Set I,=[—x5, =Xz, 1]V -+ U
[—x,, —x,]. In the sequel, we consider the case m=2n, a,=
— Xgppeees Qg = =X Qop 1 = Xy Qg =X, We set I=1,01,.

Lemma 4.1. The resolvent kernel has the following symmetries
S‘,‘I’u,”(x, —x'|/1)=S,;f,,"(—x, x'14)

8 % =X 1) =870, (=x, x'|2)
Supon(=xI) =80, Li(x]2) (4.34)

Sty o (=X 1)=877, (% 4)

8¢, o(—x10) =8, L, (x|4)

(4.33)

(4.35)
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The following is the key lemma.

Lemma 4.2. The resolvent kernel has the following linear relation
Rs,l,,(xa xX'|A)= SI ul(x x'|4) +£Sl ul —x'|4) (e= %) (4.36)

Proof. The following characteristic relation holds,

Syun(% X 1D+ [ 18,0400 912 L(y, )
80,060 =YD L=y X)) dy=Lx %) (437)

From (4.37) and the relation ¢* = 1, we derive the following characteristic
relation,

Sl U L(x, .\"I,{)+1»;Sl"Ul"(x, —XI |j,)
+'lj, (81,0 p1A) S, o p (x, =y | Iy, X') +eL(y, —x")) dy
= Llx x') +ellx, —x) (438)

This means the Eq. (4.36). ||
Let us derive a formula for d log det(1 — 1K, L)
Proposition 4.3. We set cog‘,P(l)=dlog det(1 —lKg‘,p). Then we

have
0 4
b (0 ))
2n

1 ~ 0 A\ dx;
_g—trace<z Y,U, Y,,’u,”(—xj)<0 (;)?;) (4.39)

2n

- 0
@,,;(4) = trace <,§| ¥, o1(x) 'a

=trace< y Z OA;A, A(x)) A(6x}) dlog(xj—dxk)>

=+ j<k<2n

o 1/0 1\dx;
—atrace(Z A(x)) {A%dxj+5<l 0>i

Xj

—zle(—x,)ifD (4.40)
2 X;
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Here the matrix A(x;) is defined by

- 0 1\ 4 _ A7)
Alx) =Y, ,,(x) <0 0> Y, o) A= (=1 £} (441)
Proof. 1t is easy to see that
0 L
—logdet(1-AR, ;) =(—1)"""AR, , (x; X, 4) (442)

Ox,

= ( -1 )j+ : ’{{Slpuln(xja x,) + SSII,UI"(X/" _x/)} (443)
From the definition, we can derive the following formula

det <S+,(x) S, )x'-

S_(x) S_,(x’)>=2i(x_x,)sl()‘, x') (4.44)

Using this formula, we obtain

. S (x) ;—SH(X)
$/(x, x) =3 det ax (4.45)
S (x) E;S—](x)
: - 3 . /0 1
=%trace<Y,(x)”‘aY,(x)<0 0>> (4.46)

—x)=L et <Sl(x) S+1(+X)> (4.47)

S (x) S (-x)

L e (T Ty (0!
—4ixtrace<Y,(x) Y,(—x)<0 O>> (4.48)

Hence we have the first line (4.39). Substituting (4.22) into the differential
equation,

2m
dY(x) Y(x) '= Y AA(a)dlog(x—a)+ A4, dx (4.49)

Jj=1
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which was derived in ref. 8, and comparing the coefficients of dx at x = x;,
we obtain the following

0 o -
% Yll,u 1,{x) . YI,,UI”(xj)il
2n 8(_1)j+l (__l)j
=A — 4 A(—x;
OC+(:=zj: kgl Xj— EX (ex) + 2x, (=%
k~j
< Z el A; -
= Yyo(0) {l.=+ Ko X EX Lk_2_ij’} Yioslx)(430)
SER G
where

Substituting this relation into the first line (4.39), we obtain the second line
(440). |

Remark. It is known that the matrices A4(x,) are solutions of the
generalized fifth Painlevé equations introduced in ref. 8.
Let us derive a formula for
)
yl

Let —oc0 <y, y' < + o, (y#'). In the sequal, we distinguish the following
four cases.

d log det (1 — /IKE,,p

L oy, Yy #Xx10s Xy,

2. Y # X\ Xy, y=1x; for some j.
3. y#Xy. Xy, Y =x; for some j'.
4

y=x;, y' =Xx; for some distinct j, j'.

Set
L J(y y)=1{0,1,.,2n+1}.
2. J(y,y)={0,1,. 2n+ 1}\{/}.
3. J(ny)={0,1,..2n+1}\{/'}.
4. J(p,y)={0,1,.,2n+ 1}\{}, j'}.
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Here we set xo=y, Xa,41 =) Set K(y,¥')=J(y, ¥ )\{0,2n+1}. Set the
notations as follows

1 0

0 1 )
M,'=< >) (.]=i155 izn)’ M0=M2n+l=<0 0

0 0
: ; i
A= (=DM ISy =x) = x)

) (4.51)

A =(—1)72 % (X)) +x)  (i=1,..2n),  (452)
Ay =gt =1

Let us state the Proposition.

Proposition 4.4. We set

%7(3) = dlog det <1 ~IR,,

Y
» P y’

We denote by d the exterior differentiation with respect to x; (je J(y, y')).
Then we have

. &y - .
a)fc,y,’py (A) = Z o] <l +8y+§y 49 ’> (247 — Q=) —dy —dy')
o= (4.53)
Here we set

: 10 s
Q‘,””:trace( Y /l”y’Z‘,yUy,’(xj) ‘aZ‘,;‘U-‘,:(x)

jedyy)

M, dx_,> (4.54)

X = 4\']»

=trace< Y BB dlog(x,—x,))

LieJ(ny)
i<j

1 .
+ z Z B\ )B) ¥ dx,+ Z B» 4 dx,-)
ies(y.¥) je Ky ¥ i fedyyn
(4.55)
.Q‘z)"y"=trace< Y —l” MZPONx) T 2N —x) M, dx) (4.56)
JjeK(y, ) )2 j

— _A(y.y)’)trace{ z (S(fn ¥) Bl S RN !

1,1, o lul e
JeK(y, y'}

d
YL B TS My ;‘} (457)

i
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where
AV = det(S(liufl"lLfl S(])'.L;v}) 0() (458)
n P i
B;-‘*»"‘)=/1;.~"~""Z,”U,"(xj) M,Z,pu,n(x,)*', (j=+1,.+2n,0,2n+1)
(4.59)
Proof. 1t is easy to see that
2 w( Y1)
Y ; ,
—logdet<l—/11€,; ,>=(—1)f“1 (j#0,2n+1)
Ox; e y Rc,l,,( ¥y 1A '
(4.60)
Then Lemma 4.2 and the following imply the jth part of (4.54)
Yy ox; (y=x)(¥y —x4) <y Y )
S, <, ! >=———{—S o A (4.61)
ot Yy X (y=y")x;—x4) ot X; Xy
For j=0, 2n+ 1, the following imply the jth part of (4.56)
0 y 0 ,
5 log det <1 - AKS,,F y’> =8_y log R,:_,p(y, Y1) (4.62)

The second lines (4.55), (4.58) follows from the first ones by the same argu-
ment as in Theorem 4.3, |

Remarks. It is known that the matrices B!’ and S}

l,, Ui,

B S0 ' are solutions of the generalized fifth Painlevé equations in
r n '

ref. 8. For special cases y = x,, ' = x;, we have the following formula 4'*-*?;

x,»—x,A‘_‘,P_Yj): trace(A(x,) A(—x;})

Xit % trace <A(x,-) A(x;) <(1) (1)>>

(4.63)

Finally we give a proof of Theorem 2.3.

Proof of Theorem 2.3. Use the following formula
det<1-—,1K,,‘,p y,‘"'y,k>
R,, Vi Vi

<J’1 . 'J’k> _
SRR —A)det(1-1R, ;)

and apply Proposition 4.3 and Proposition 44. |

(4.64)
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Forn=1and 0= x' < x case, because R, (0, x|{41) =28, _ (0, x|4),
the differential equation becomes simpler form

d
7 og /(0x[+)

0
=a_y IOg S[ —4\’,»\'](0’ y,}’) )y=~\'

= trace <{<BO(O, ~X, x)+%B|(O, —X, x)>£+AI} By(0, —x, x)>—l
(4.65)

Here

4 (i 0>
“N0 =i

The 2x2 matrixes B;=B(ay,a;,a,), (j=0,1,2) depend on three
parameters a,, a,, 4, and satisfy the following differential systems that have
the singularities at y =a,, a,, a,, . We denote by d the exterior differen-
tiation with respect to y, a,, @,, @,

dZ([{ZT,?Z)](.V) =(Bodlog(y—ay) + B,dlog(y —a,)
+ B,dlog{y —a,)+ A4, dy) Z%“(y) (4.66)

[e). a]
where the 2 x 2 matrices Z ‘[’;,13"’},1 "(y) are defined in (4.31). The integrability
condition

d(dzZi (0 Z{ () )

[4g.495] [ag.a2]

=dZ 2 ZEn ()T A ZESDZE 2 ()T (4.67)

[ag, ey} [a).ay] [ag.as ] (ag.a]

gives rise to the following closed differential equation

2
dBiz - Z [BD Bj]dlog(ai—aj)_[BiaAoc]dai’ (l:()’ 172) (468)
g
The eigenvalues of By, B, is (0, 1). The eigenvalues of B, is (0, 0). The
diagonal of By+ B, + B, is (1, 1). From the above matrix properties, we

reduce (4.68) to the Hamiltonian Eqs. (2.30), (2.31), and (2.32) which was
introduced in ref. 8. And we have the Eq. (2.29).
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